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The effect of suction and injection through the porous walls of an annulus on 
a two-dimensional steady laminar flow of a non-Newtonian fluid is investigated 
by solving directly the Navier-Stokes equations in cylindrical coordinates. 
A quasi-linearization method is used to solve the flow problem for both small 
and moderately large cross flow through the porous walls. With very approximate 
starting values of functions, only a few iterations are needed to obtain results with 
very high accuracy. For comparison, a perturbation method is also used to 
solve the same flow problem. For small values of cross flow through the porous 
mall, results obtained by both methods agree very well; while for the moderately 
large values of cross flow, the perturbation technique is impractical and may give 
an inaccurate result. The effects of the non-Newtonian fluid on the axial velocity, 
the pressure drop, and skin friction are also examined. 
INTRODUCTION 
In the last decade, the problem of flow through an annulus with porous walls 
has attracted the attention of mathematicians and engineers in view of its multiple 
apphcations: for example, cooling in nuclear reactor, oil field operation, boundary 
layer control, etc. Various approximate methods have been proposed by several 
authors to obtain solutions valid for different restricted ranges of flow suction and 
injection through the walls of the tubes. Recently Terrill [l], among them, gave a 
first-order perturbation solution for a Newtonian fluid flow in a porous annulus 
of different wall permeability with small cross-flow Reynolds numbers R. 
Terrill also presented a singular perturbation solution for large cross-flow 
Reynolds numbers R. Shrestha [2] extended Terrill’s problem to a non- 
Newtonian fluid. By a similar technique and also by a semi-inverse numerical 
method, he obtained a solution for a flow with small values of both cross-flow 
Reynolds number R and viscoelastic number A. The semi-inverse numerical 
solution is obtained by integrating a transformed nonlinear differential equation 
with the parameters R and A imbedded in boundary conditions. However, 
in their papers some errors in the expressions of the first-order perturbation 
solution should be noted and corrections should be made. In the present paper, 
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a method of quasi-linearization, which has been employed by the writer for 
various engineering problems [3-51, is used to solve Shrestha’s problem for 
both small and moderately large values of R. For a moderately large value of R, 
the solution obtained by the methods of perturbation may be impractical [5]. 
Also, in supplement to the solution obtained by Shrestha, the correct first-order 
perturbation solution is presented, and its numerical results are calculated. In 
contrast to the semi-inverse method, the quasi-linearization method has the 
following advantages. The cross-flow Reynolds number and viscoelastic number 
can be chosen arbitrarily; the original differential equation is used directly 
without an elaborate transformation of the basic equation; and the present 
computational process converges very rapidly if it converges [6]. In contrast to 
methods of perturbation, the quasi-linearization technique imposes no restriction 
on the magnitude of R and /l, provided the technique itself is a convergent 
process. The influences of both suction and injection, through the porous 
annulus walls on a laminar non-Newtonian fluid flow with R < 10 and fl = 0.01 
are determined. It can be concluded that the perturbation techniques are rather 
impractical in applications to the flow problem with a moderately large perturba- 
tion parameter. 
1. BASIC GOVERNING EQUATIONS 
For fluid substances, the stress tensor, 0 ij, can be divided conveniently into 
two parts, namely, 
& = -pf$ + pij, 
(1) 
where p is the pressure, Sij is the Kronecker delta, and pij is the shear tensor. 
According to the Reiner-Rivlin-Prager definition for a non-Newtonian 
incompressible fluid, the shear tensor p ij can be adequately expressed by the 
nonlinear strass-strain rate relations of the form 
pij = 2pleij + 4pZeime,,,j, (2) 
where the viscosity and viscoelasticity coefficients p1 and pa must satisfy the 
Clausius-Duhem inequality; the rate of viscous dissipation must be nonnegative 
[7], and where eij is the strain rate tensor, which relates to the velocity vector, qi , 
as the form 
eij = *(qi,j + qj,i). (3) 
The momentum equation is 
where p is the density of the fluid, qf, is the covariant derivative of the velocity 
vector qi with respect to a coordinate xj, and fi is the body force vector. 
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For a steady laminar flow of the non-Newtonian fluid through an annulus with 
porous walls of different permeabilities, it is convenient to choose a cylindrical 
coordinate system (r, B, .z) as the reference system with the z axis as the center 
axis of the annulus. The velocity components in the positive directions of axes 
(r, 19, z) are denoted by (qT, qs , qJ, respectively. With the assumptions that the 
velocity component qr is a function of Y alone and the fluid flow is swirl-free 
and is then independent of the coordinate 0, Eq. (3) becomes 
J 




where v1 (= pi/p) is the kinematic viscosity and v2 (= &p) the visco-elastic 
parameter. Let the radii of the inner and outer porous walls of the annulus be 
r = a and Y = b, respectively. The boundary conditions are assumed to be non- 
slip at both walls; and the velocities of cross flow at both walls are constant but 
different values. They are 
at y .:= a, c/r = -Qa , qz = 0, (84 
at Y = b, qr = Qt, qz = 0. (8’3) 
For constant wall velocities, there exists a potential functionf(q), such that the 
radial component of the velocity can be expressed as 
4r -= omw217 (9) 
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where 17 = (r/b)2 is a nondimensional variable, and Q is a generalized cross-flow 
velocity which is defined as Q = 1 Qb 1 + a j Qa I/b. Substitution of (9) into (7) 
yields 
qz = [uo - 2QC+)lfW~ u-9 
where f’(7) is the first derivative of f(T) with respect to ‘I, the z+, is a constant 
velocity parameter, and uof’(7) is the velocity profile of qz at x = 0 where the 
cross flow commences. Substituting Eqs. (9) and (10) into the basic equations (5) 
and (6), one obtains a nonlinear ordinary differential equation for the non- 
Newtonian fluid flow through a porous annulus: 
(7fna + 2f”) + R(f”f’ - f”f) - RA(f”“f + 2f”f’) = 0, (11) 
where the prime denotes differentiation with respect to 7, the crossflow Reynolds 
number is denoted by R = bQ/2v, , and the viscoelastic number by A = 4v2/b2. 
The boundary conditions (8) can be written as 
f(7o) = -% f’(7o) = 0, P) 
f(l) = A f ‘(1) = 0, Pb) 
in which 7o = (a/b)“, 01 = 71i2 QJQ, and j3 = QJQ. 
The pressure field can be obtained readily by integrating Eqs. (5) and (6), 
which yields the expressions 
P*(7,4 = [P(7,4 - P(l, wGP%2) 
= 5 j-T 1(X; R, A) dA + ; (+) [l - g ($j] K(7 = 1, R, A) 
(134 
or 
P**(7,4 = [P(7> 4 - P(7o 9 W(~P%Y 
2 
I”-” I(h; R, (1) dh + ; (%) [ 1 - $ ($-)I 
- puo2 ,Jzr, 
K(7 = 70, R 4 (13b) 
where N (= bu,/v,) isthe Reynold’s number of the main flow, and 
I@; R, A) = y [f’ - $ (f)2] 
,A 
+ + [uo - 2Q (+)I2 [4Af “‘f” -+ 3(f “)y 
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and 
K(T; R, A) = (qf”’ +f”) + R[(f’)” -f”f] - RA[f”‘f +f”j’ -1 2rl(f”)“]. 
Therefore, the pressure distributions along the z direction at the outer and 
inner walls of an annulus are 
p*(l, z) = $ ($j [l - $ (%j] K(? = I, R, A) (144 
and 
p**(vo 34 = ; ($j [l - $ ($j] W = rlo ,Ri, 4 (14b) 
respectively. The coefficients of skin friction at the outer and inner walls of an 
annulus are 
respectively. Also, the velocity profile, qz*(n), is given in terms of the mean 
velocity qz , which is defined as 
2. METHODS OF SOLUTION 
2.1. Method of Quasi-linearization 
The motion equation (11) is a nonlinear ordinary differential equation sub- 
jected to the linear boundary conditions (12). An analytical approach of the 
problem may be difficult. Thus the quasi-linearization technique, which is 
known also as the generalized Newton-Raphson method, is used in this paper. 
Bellman and Kalaba [6] have shown that this technique converges quadratically 
to the solutions of two-point boundary value problems from the approximate 
initial guesses, if the procedure converges. 
Consider a vector equation in n-dimensional space 
dx,/dt -= g&c, ) t )  (i,j = 1, 2, 3 ,..., n) (17) 
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with the independent variable t defined in the closed domain [a, b], and with 
the boundary conditions 
XL@> = %I , p = 1, 2, 3 ,...) m, (184 
x89 = & 9 q = m + l,..., n. (18b) 
Here xi is a vector in the n-dimensional space, gi is a functional vector in the 
n-dimensional space composed of the n dependent variables x1, X, ,..., x, , 
and the independent variable t. The (all and fib are given intial and final values, 
respectively. Since an nth-order ordinary differential equation can be expressed 
as a system of n first-order differential equations, system (17) is a general type 
of nonlinear ordinary differential equations. 
The (k + 1)st approximation, x:‘~“, to the solution of (17) is obtained by 
expanding the functional gi about the kth approximation .@), retaining only the 
linear and constant terms. The kth approximation @) is assumed to be a set 
of known approximate solutions. 




= g&w, t) + j$l $$ (xP+l) - Lx?)), (19) 
where (8gi”‘/&,) is the Jacobian matrix evaluated at the kth approximation. The 
Jacobian matrix is defined as 
_ * . . . . . . . . . . . . . . . 
ah ah ag, ~- . . . - 
The boundary conditions for the (k + l)st approximation xi”+‘) are 
$+yt)lt=a = OLD , (204 
xg+l)(t)l,=, z p, . (2Ob) 
The system of differential equations (19) is linear in the $+l), and its solution 
can be obtained by using the principle of superposition. A particular solution of 
(19) can be obtained by integrating (19) with arbitrary initial conditions. For 
simplicity, the initial values may be assumed as 
xi(t)j,=, = P,(f)l,_, = @i , (21) 
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where Oi is a null vector in the n-dimensional space. Besides the particular 
solution, there exist n linearly independent homogeneous solutions. The initial 
conditions for the set of homogeneous solutions may be assumed as 
~i(t,;‘)(t)l,=~ = Hif+‘)(t)It=n = sij (i,j = I, 2 )...) 72). (22) 
As for the present flow problem, Eq. (11) can be replaced by an equivalent 
system of four differential equations of first order. By substitution of the 
quantities 
(f, f’, f”, f”) = (Xl , x2 9 x3 , x,), 
respectively, (12) yields 
dx,l4 = x, , 
dx,ldq = x3 , 
dx3jdrl = x4 , 
dx,/dT = -[l/(7 - RAx,)] [2x, + R(x,x, - x4x1) - 2RAx,x,]. 
(23) 
Using the technique of quasi-linearization as given in (19), the nonlinear 
system (23) can be linearized by retaining the linear terms of the Taylor series 
as described in (19). However, the fourth differential equation of (23) is highly 
nonlinear, and the linearized expression is very complicated. Hence, by observa- 
tion of the fact that the viscoelastic number /l is small, the linearized recurrence 
relations of the nonlinear system of equations (23) may be written as 
dx(k+l) 







_ .(k+l) 3 
4 4 Y 
dx(k+d 
-A.--- = [rl _ ;RxikJl {Rxp)xp+‘) - R[xp’ - 2dxr’] xp+‘) 
4 
- [2 - Rxl”) - 2dRx9 xp’} 
R (k) (k) 
__ 6% x3 T [,~jxCW] 
_ x(k)t.(k) 
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The boundary conditions (12) yield 
Xikfl)(vjo) = -a, xl’c+l)(l) = /3, 
$fl)(?jo) = 0, x$+1)(1) = 0. 
Wb) 
The system of equations (24) is linear in xi”‘” (i = I, 2, 3,4), and thus the 
principle of superposition can be used to obtain the genral solution. For con- 
venience, the initial values of @+I) are chosen in the following manner: 
(i) for the particular solution, 
pjk+l)(o) = (-a, o,o, 0)‘; (254 
(ii) for the two homogeneous solutions, 
and 
H;;+*‘(O) = (0, 0, 1,O)r 
(25b) 
H/;+r)(O) = (0, 0, 0, 1)r. 
The general solution of Eqs. (1 I ) and (12) can be obtained by integrating (24a) 
with initial conditions (25): 
x!k+1)(7) = pp+1)(7) + Cp+1)H;;+1)(7) + Cf++Ij;+1)(7), z (26) 
where Ci”l and Cl’tl’ are unknown constants, which must be chosen so that all 
conditions in (24b) are satisfied. 
2.2. Perturbation Method 
The first-order perturbation solution of (1 I) and (12) has been obtained by 
Shrestha [2] for small values of R and A. However, some errors should be noted 
and corrections made. whe perturbation solution for (11) and (12) is assumed as 
f(4 = f R%(rl)- (27) 
i=O 
The functionsf,(T) (; = 0, 1) in series (27) satisfy 
?$“ + 2f;;’ = 0, 
(284 
f&h) = -% Ml) = P, foY70) = 0, fo’U) = 0, 
and 
7fl” + 2fz?’ = (f,fb” -f,‘f,“, + 4fof,“” + 2f,‘f;;‘), 
P3b) 
fl(70) =f1(1) =f1’(70) =f*‘(l) = 0, 
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respectively. It should be noted that Eq. (22) of [2] is incorrect, and should be 
replaced by Eq. (2&b). Al so, the solutions for functions f0 and fi [2, Eq. (23)] 
should read 
fi(7) - Agog 7 - 7 t 1) +- qr! - 1)’ 
+ (~dj2)(~ log2 7 - 2? log 7 + 2+ - 2rl) - (c,“i72)(~ - 1)’ (72 - 417) 
+ d2(- &)(17 - 1) log2 17 +- log r1(3Y2 - 7) - 2rl(rl - w 
+ cod{a7 log”? -log q((7fi12) - 7’ + (77/2)) + (W4 4~ - 1X7 - 7)) 
-t 4/347* - 7 - 1% 7) i C&l(~ - 1) - $(q 3 1) log q] 
+ q7 log2 7 - log 7I(27I -i- 1) -i 37(77 - l)]], (29) 
where 
d = coo - 70)/l% 70 >
and the integration constants A and B can be determined by the boundary 
conditions f,(~) = fa’(~) = 0. 
Clearly to obtain the solution of higher-order functions off,(q) (i > 2) would 
be extremely complicated and impractical. 
3. NUMERICAL RESULTS AND D~scussro~ 
In this section, the numerical solutions obtained by the quasi-linearization and 
perturbation methods for a non-Newtonian laminar ffow through a porous 
annulus are presented. Without loss of generality, the permeability at the inner 
wall of the annulus is chosen to be negative one (a = 1); it means that there 
exists a suction cross flow through the inner wall. The outer wall of the annulus 
impermeable (,3 = 0). The radii ratio of the annulus Q, for the present example 
is 0.5. For comparison, the axial velocity profiles are obtained by both the of 
quasi-linearization and perturbation methods. The numerical results for the 
axial velocity, QZ*, in the annulus region are presented in Figs. 1 and 2 for various 
values of R (R = 0, 5, and 10) with viscoelastic number /I = 0.01. It can be 
seen that the solution obtained by both methods agree very well for the cases of 
small R, but not for the moderately large values of R. In particular, for R := 10, 
the deviation of the maximum velocities obtained by both methods reaches 
13oj,, and the shapes of the velocity profile are different. Thus, it is clear that 
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FIG. 1. Axial velocity profile. 
for the cases of moderately large values of R, the results determined by first- 
order perturbation are questionable. Theoretically, a higher-order perturbation 
solution may give a more reliable result but it appears impractical. Figures 3 
through 6 show the functions f, f ‘, f “, and f “‘, respectively, for various values 
of R. 
The convergence rate for the method of quasi-linearization is fairly rapid; 
only five Newton-Raphson iterations are needed to obtain a five-digit accuracy. 
The convergent rates for the functions f (q) and f ‘(7) of R = 10 are shown in 
Figs. 7 and 8, respectively. 
Figure 9 shows the effect of the non-Newtonian fluid flow upon the axial 
velocity profile. The influence of the viscoelastic number, A, on qZ* is insigni- 
ficant. However, the effect of A on pressure drops in an annulus is very signi- 
ficant. Figure 10 illustrates the relations among the pressure functions 
(K(l, R, A) and K(Q , R, A) defined in Eqs. (13a) and (13b), respectively), 
the cross-flow Reynods number, and the viscoelastic number. 
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FIG. 3. Velocity functionf. 
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FIG. 4. First derivative off’. 
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FIG. 5. Second derivative off “. 
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FIG. 8. Rate of convergence for f’. 
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FIG. 9. Axial velocity profile. 
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FIG. 10. Pressure function K. 
REFERENCES 
I. R. M. TERRILL, Appl. Sci. Res. 17 (1967), 204222. 
2. G. M. SHRESTHA, ZAMM 49 (1969), 53-62. 
3. E. S. LEE, C. L. HCANG, AND I. K. HWANG, Internat. J. Engvg. Sci. 10 (1972), 33-44. 
4. C. L. HUANG, in “Proceedings of the Sixth S.E. Conference on TAM, University of 
Southern Florida, 1972.” 
5. C. L. HUANG, Appl. Sci. Res. 29 (I 974), 145-158. 
6. R. BELLMAN AND R. KALABA, “Quasilinearization and Nonlinear Boundary Value 
Problems,” American Elsevier, New York, 1965. 
7. A. G. FREDRICKSON, “Principles and Applications of Rheology,” Prentice-Hall, 
Englewood Cliffs, N. J., 1964. 
